We study the relation between the minus part of the p-class subgroup of a dihedral extension over an imaginary quadratic field and the special value of the Artin L-function at 0.
where a ∼ b signifies that a and b are two p-adic numbers with the same valuation. This famous fact is caused by the Iwasawa main conjecture easily. In [2] , to solve a conjecture of Brumer, A. Wiles expand this fact into a case of an abelian extension of a totally real field by also using the Iwasawa main conjecture. We are interested whether such a relation holds in Non-abelian extensions.
In this paper, we investigate the relation like this on dihedral extensions especially. Let l = p denote a fixed odd prime. We write the dihedral group that order is 2l by D 2l . Let L + be a dihedral extension over a number field F + that degree is 2l. Moreover, assume both L + and F + are totally real.
Fix m ∈ F + \ (F + ) 2 
Theorem (Theorem 2.4). If the technical assumption S χ
for any χ − an odd irreducible character of Gal(L/F + ).
It seems to be difficult to have similar result in general cases except D 2l . That is why the relationship between the ideal class group and decompositions of characters is indistinct.
We explain an outline in this article. In Section 1, we probe the relation between the p-class group of a dihedral extension and Brauer's induction Theorem on D 2l . This aim is that it comes down to abelian occasions. In Theorem 1.6, we can find clear relations between these. In Section 2, we calculate the special values of the Artin L-functions by using Hecke L-functions. As a result, we finish the aim of this paper in Theorem 2.4 since we can apply Theorem 1.6 and Theorem 2.1 to L/F + .
We remark on our conventions. We use the standard terminology as in [2] and [1] . Let G be a finite group whose identity element is denoted by 1 G and H a subgroup of G for a while. For χ : G → C × be an irreducible character of G, put e χ :=
g. Assume R be a commutative ring with ch(R) = 0, |G| −1 ∈ R, and χ (g) ∈ R for all g ∈ G and irreducible χ . If M is an R[G]-module, then we have a direct decomposition M = χ e χ M where χ runs over all irreducible characters 
where ε is the principal character. Let Hom( σ , (1) Ind
).
Proof. It is easy to see from the following table. 2
Let F be a number field, L a dihedral extension over F , and
Proposition 1.2. Each of the following holds.
(
(2) We have
We probe some properties of the direct summands
Proposition 1.3. Each of the following holds.
).
Proof. The proof of (1) and (2) are similar to that of Proposition 1.2 (1) and (2) respectively. We will show (3). Since τ e ϕ i = e ϕ l−i τ and τ e ϕ l−i = e ϕ i τ , we can define the homomorphisms A
The following lemma smells like Hilbert Theorem 90.
To show this equality,
we compute the order of these two modules. Since the following sequence 
2 )e ψ τ a is a surjective homomorphism, and its kernel is A σ L .
Proof. (1) It is no hard to verify.
2 ), we can define the following homo-
It is easy to see
We show f is surjective. Assume y ∈ A (2) and (1). Therefore,
We arrive at the following relations between Brauer's induction Theorem and the orders of submodules of the p-class group by combining these propositions (cf. Proposition 1.1).
Theorem 1.6. Each of the following holds.
(2) It is easy to see from above (1) and Proposition 1.2(1).
(3) Since e χ i = e ϕ i + e ϕ l−i , we can construct the injective homomorphism
a, e ϕ l−i a).
This homomorphism is isomorphism because
The p-class number and the Artin L-functions
The aim of this section is to study relations between the order of the minus part of p-class group and the special values of the Artin L-functions at 0 for a dihedral extension over an imaginary quadratic field.
First, we prepare several notions to present the theorem proved by A. Wiles. Let F be a totally real number field and let K be a CM field which is abelian over F . For χ ∈ Hom(Gal(K /F ), Q × p ), let F χ be the fixed field of Ker χ and L χ the maximal unramified abelian p-extension of F χ . Let
We define S as a finite set of primes of F including those which ramify in
where A runs over all ideals prime to S. Moreover, let
We set S χ ,p = 0 iff χ is quadratic or does not factor through Gal(F 
We collect some general properties of the Artin L-function. See Neukirch [1] for more details. ( We update some notions for the aim of this section. Let F + be a totally real number field. Let L + be a dihedral extension over F + and totally real. Let K + be the fixed field of σ in L + . Let
We use the same notions for the characters of D 2l in Section 1.
Note that the all irreducible characters of G are ε + , ε − , η + , η − , χ
). The following proposition is a G iq × D 2l case of Brauer's Theorem on induced characters.
Proposition 2.3. Each of the following holds.
(1)
Ind ϕ
Proof. The proof of this is similar to that of Proposition 1.1. 2
We call ε − , η − , and χ
) odd characters. We have the following direct decomposition
We calculate the values of the Artin L-function at 0 by using Theorem 2.1 and Theorem 2.2. We set S χ 
}.
Proof.
(1) Let F be the maximal unramified abelian p-extension of F and H = Gal( F /F ). Since
by using Theorem 2.1. The class field theory causes
(2) The proof of this is similar to that of (1).
. Let L be the maximal unramified abelian p-extension of L and H = Gal( L/L). We obtain
by applying L/K + to Theorem 2.1. It follows
from the similar proof of Proposition 1.3(3) and Theorem 1.6(3). We can prove |μ(L)
similarly. By Theorem 2.2, 
